Experiments and simulations show that when an initially defect free rigid crystal is subjected to deformation at a constant rate, irreversible plastic flow commences at the so-called yield point. The yield point is a weak function of the deformation rate, which is usually expressed as a power law with an extremely small non-universal exponent. We re-analyze a representative set of published data on nanometer sized, mostly defect free, Cu, Ni and Au crystals in the light of a recently proposed theory of yielding based on nucleation of stable stress-free regions inside the metastable rigid solid. The single relation derived here, which is not a power law, explains data covering fifteen orders of magnitude in time scales.
The phenomenon of yielding is possibly the most conspicuous, and therefore well studied, aspect of the mechanical response of materials upon external loading [1, 2] . In a typical experiment a sample of material is deformed at a constant rate and the point at which the stress suddenly drops, in a marked departure from reversible elastic behavior, is identified with the yield point [3] . Despite much effort, no theory based on fundamental physical principles exists that can predict the yield point of a solid, although phenomenological models have been extremely useful [4] . All irreversible mechanical processes in crystalline solids may be ultimately connected to the static and dynamic properties of lattice defects viz. dislocations [5] . These are known to interact with each other as well as with impurities, grain boundaries, pinning sites etc. However, a quantitative understanding of the collective behavior of large accumulations of dislocations, readily observed in large scale atomistic computer simulations [6] and expected to play a key rôle in yielding, remains elusive. Various models based on either de-pinning [7] or un-jamming [8] of dislocations have been proposed, where yielding is viewed as a dynamical critical phenomenon [2, 9] . Indeed, scale-free avalanches and intermittent phenomenon have been observed to accompany yielding [10] .
One of the most intriguing features of yield phenomena in solids is the history dependence of the yield point. It is known that the yield point stress, σ Y , is a weak function of the rate,ε, by which the solid is deformed prior to the commencement of irreversibility [4, [11] [12] [13] [14] . This relation is expressed as a phenomenological power law σ Y ∼ (ε) m . The rather non-universal, strain rate sensitivity (SRS) exponent m varies over a wide range 0.006−0.06 depending on many factors such as the nature of the solid, the size of the specimen as well asε itself. The weak dependence onε and the small value of m may be the reason why this aspect of yielding has not [18] corresponding to the d = 2 square lattice, in the hX − ε plane (see text). The blue line is the first order phase boundary. The dotted lines show slip planes in the M phase.
received the attention that it deserves. Usually very low (or very high) values of fitted exponents point to a gap in our understanding of the underlying physics, hinting that the actual relation may not, in fact, be a power law.
In this Letter we show that, at least for one special class of materials, viz. nearly defect-free crystals, this apprehension is true. We derive and test a relation between the yield strain ε * defined simply as σ Y /K, where K is the appropriate elastic modulus, andε. This relation is not a power law and involves instead an essential singularity. It explains experimental and computer simulation data over a very wide range of temporal scales.
Our primary idea emerges from the following, somewhat surprising, fact. Even though σ Y appears to decrease only slightly whenε decreases by a large amount, crystalline solids are guaranteed to yield at infinitesimal stresses when deformed at vanishing rates. This con- clusion follows from very general considerations starting with the exact result that the free energy of any material, made up of entities interacting with short ranged forces, cannot depend on the shape of the boundary [15, 16] . Following this line of thinking it has been shown that even at vanishingly small strains a rigid solid can nucleate regions, or bubbles, inside which atoms rearrange to eliminate stress. These stress free bubbles are embedded inside the deformed and stressed solid and bounded by an interface containing an array of defects [17] . Since the volume energy contribution of the bubble is always negative, the surface energy cost from the defect array can be compensated as the size of the bubble increases. A rigid solid is therefore always metastable at infinitesimal deformation, although the relaxation time for bubble nucleation diverges as ε → 0.
Recently, some of us showed that this seemingly pedantic issue may be converted into a useful, quantitative calculation [18] . The trick involves introducing a fictitious field, h X , that prevents atoms from rearranging. One can then analyze the problem in the full h X − ε plane in the thermodynamic limit and let h X → 0 at the end. This work concludes that there exists an equilibrium first order transition [18] between two kinds of solids, say N and M in the h X − ε plane with a phase boundary that extrapolates to ε = 0 at h X = 0 ( Fig. 1 ). The two solids have identical symmetry but differ in the way they respond to deformation. The N crystal produces an internal restoring stress upon deformation, while the M crystal undergoes spontaneous rearrangements (e.g. by slipping) to accommodate the deformation at zero stress. The latent heat released during the N → M transition is just the elastic energy stored in the rigid, N , phase. For any h X = 0 and ε = 0, the N phase is metastable and decays to the stable M phase by bubble nucleation. Then, for a given ε, the free energy F of a spherical bubble of M phase, with radius R and in d dimensions, is given by
Here, K is the elastic modulus and V 1 = π d 2 /Γ( d 2 + 1) and S 1 = dV 1 are the volume and surface area of a d dimensional unit sphere, respectively. The equilibrium surface energy, γ s is rigorously defined only at coexistence at the first order boundary [19] . Extremizing F gives the free energy barrier ∆F , at a critical value of the radius R = R c , as
Up to now, we have considered the limitε → 0. At a finite strain rate, the strain depends on time t, i.e. ε =εt, and thus the free energy barrier becomes time-dependent, ∆F = ∆F (εt). The time τ F P , at which the system yields, can be understood as a (first passage) barrier crossing time and is associated with a critical strain ε * =ετ F P . Thus, it is given by [20] τ F P ≡ ε * /ε = τ 0 exp(β∆F (ε * )), where β is the inverse temperature and τ 0 , the inverse "attempt frequency", is a microscopic timescale that is independent of the barrier. The equation for τ F P is a self-consistency equation for ε * . Here,
and thus there is an essential singularity in the dependence of τ F P on ε * . In Ref. [18] a similar equation, derived for d = 2, was solved numerically. Here we show that it is possible to solve the relation analytically and obtain a closed form expression for ε * as a function ofė. Defining
. This can now be inverted using the Lambert W function [22] : if xe x = f (x) = y then x = f −1 (y) = W (y). We thus have finally
This is the desired closed form expression for the yield strain, a smooth and monotonically increasing function oḟ ε. Note that, in order for Eq. Table I for details. c,d. Same as a,b but for MD simulations of Au, Cu and Ni. e. Plot of the data in a-d using scaled variables (with the same symbols as in a-d.) showing collapse onto the single master curve (1) (solid black line). Dashed: Approximate asymptotic form (2) . Three experimental data sets with excessive (> 50%) scatter have been omitted. f. A log-linear plot of Eq. (1) shows that the parameters γs & τ0 obtained from MD of Cu [33] are able to predict the results of experiments [24] performed 10 −12 times more slowly. a constant. In Ref. [18] , this was tested for a d = 2 perfect, initially defect-free Lennard-Jones solid [9] . First γ s was computed at phase coexistence using advanced Monte Carlo sampling methods for nonzero h X and ε, with the final h X → 0 limit taken by numerical extrapolation. Eq. (1) was then solved for τ 0 using * obtained from molecular dynamics (MD) at variousε. The results showed that this theory was excellent for β∆F 1.
While encouraging, it remains to be seen how well this theory agrees with real experimental data in d = 3. We do this here by re-analyzing a representative, though not exhaustive, set of available data [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] 36] . The systems chosen consist of nearly defect-free ductile single crystals of high purity elemental metals like Cu [23, 24] and Ni [25] [26] [27] [28] . We include not only nano-pillars [23] and nano-wires [25] but also poly-crystalline samples [24, [26] [27] [28] with ultra fine grains. Lastly, we also re-analyze the results of large scale MD simulations [29] [30] [31] [32] [33] [34] of Au, Cu and Ni single crystals within our framework. Ideally, τ 0 and γ s should depend only on the material, but in practice factors like sample size, proximity to free surfaces, pre-stress if any, frozen-in defects etc. may be important, causing some additional variation in our fit parameters.
For all these systems, reasonably accurate yield point stresses σ Y (under either compressive nano-indentation or tensile loads) have been reported as a function ofε. The original authors of Refs. [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] 36] had fitted the data to power laws and extracted widely different values of the SRS exponent m. We first digitize the available data and divide the quoted yield stress, σ Y , by the appropriate elastic modulus of the bulk solid [35] to obtain the dimensionless ε * . Note that there is no additional approximation involved in this step since our nucleation theory can be equivalently formulated using σ Y instead of ε * without loss of generality. Once the ε * values are obtained, the data are fitted to Eq. (1) to extract α and τ 0 . The fits are shown in Fig. 2 a-d ; Table I lists the corresponding parameter values. Eq. (1) describes the data rather well, with some of the experimental data showing, understandably, more scatter than the MD ones.
The fitted values are also remarkably consistent across the different sets of data, apart from a few exceptions coming mainly from MD studies of very small crystals, where finite size effects may be strong. The values for τ 0 are in line with typical dislocation nucleation times reported earlier [37] as well as our estimates based on MD simulations [18] . The assumption of homogeneous nucleation of the stress-free M state, implicit in Eq. (1), does not affect the qualitative nature of the solution as long as γ s > 0. While the exact value of γ s also depends, in general, on the nature of the substrate, such systematic variations cannot be resolved given the scatter in the original SRS data.
We next look in more detail at the strain rate dependence of the yield strain predicted by Eq. (1) . For small strain rates, where the argument of W (y) becomes large, one can use the asymptotic behaviour W (y) = (ln y) − ln(ln y) + . . . The yield strain thus has a logarithmic rather than power law dependence on strain rate, which rationalizes the small effective SRS exponents found previously. Keeping only the leading term W (y) ≈ ln y gives, in d = 3,
These relations (solid and dashed lines, respectively) are plotted along with experimental and simulation results in Fig. 2e , showing collapse of data sets covering, altogether, fifteen orders of magnitude in time scale. Both forms, involving either W (y) or ln(y), describe the data extremely well in this range. This makes sense as with τ 0 ∼ 30 fs (3 × 10 −14 s) our data lie in the range (ετ 0 ) −1 ∼ 10 3 . . . 10 19 and 4α(ετ 0 ) −4 ∼ 10 4 . . . 10 68 is indeed typically large. The dimensionless nucleation barrier β∆F shown on the y-axis is considerably larger for the experiments than for the MD data, where the barrier heights are at the limit of validity of our theory.
We find it remarkable that Eq. (1) is able to explain such a large and varied set of data. It is particularly surprising that even data from ultra fine grained poly-crystalline samples appears to be describable within our picture. In these systems, there are no dislocations within the grains since the grain boundaries function as dislocation sinks [1, 4] . The entire sample therefore behaves as an ensemble of nearly independent crystallites.
Defect free, nanometer sized crystals are an important group of materials that are fast gaining technological relevance [38] . Our idea, based on a simple, classical, picture of nucleation of stress-free bubbles of M inside N is well suited to the task of describing yielding and SRS in these systems. Complicated and poorly understood effects concerning many-body interactions of dislocations are not necessary. In our picture, dislocations are structures that always occur at the interface between the N and M phases in order to match the two lattices. Their energy is subsumed into γ s and they are constrained (by definition) to always move together with the interface, where the local stress gradient is large [39] . In equilibrium, there are no interfaces and consequently no dislocations, in the bulk phases. Dislocations are seen only when the stressed and the unstressed crystals (N and M respectively) exist side by side across an interface. This can happen either at the equilibrium phase co-existence or when the growth of the M phase is arrested due to kinetic effects. We have shown [18] that in real situations (h X = 0) phase co-existence does not occur for nonzero deformation in the thermodynamic limit. Thus all observed dislocations are associated with non-equilibrium, or kinetically arrested, configurations. In experiments, dislocations are far easier to see directly, using a Transmission Electron Microscope [1] for example, than the stress interface itself. The notion of a first order transition has, therefore, escaped attention.
The two parameters of our theory, τ 0 and γ s can be obtained by either fitting dynamical yielding data, as is done here, or from accurate, finite sized scaled, numerical computations as was accomplished in Ref. [18] . Our nucleation theory offers a way to successfully predict yield points obtained from experiments performed at low strain rates by performing simulations at much higher strain rates, considerably reducing computational costs. We demonstrate this in Fig. 2f by using parameters obtained by an unbiased fitting of the MD results of Ref. [33] to predict, within a few percent, the outcome of the experiments of Ref. [24] , which are separated from the simulation data by twelve orders of magnitude in time.
Finally, we believe that the work reported here allows us to re-iterate an interesting perspective on the phenomenon of yielding. Despite the success of Eq. (1) in explaining such an extensive set of data, it is not a "theory for everything". Yielding in initially defect free crystals is metastability controlled, with the large barrier, ∆F > k B T , between the distinct N and M phases playing a dominant role in determining the dynamical response of the solid to external load. On the other hand, in a solid with a large number of frozen-in defects, the barrier may be much smaller and may even vanish, ∆F → 0. There is also a possibility of many co-existing, relatively shallow minima in F appearing. Our preliminary results, to be published elsewhere, actually point to such a possibility. If barriers disappear, the nucleation route could be replaced by spinodal decomposition [9] , with accompanying critical-like behavior, avalanches etc. as is observed [10] . In this regime, the yielding process would be instability controlled. An actual dynamical critical point is also possible [2, 7, 8] . The situation in amorphous solids may be similar; here yielding is known to be preceded by the percolation of mobile clusters and critical behavior is often noticed [40] . Our theory cannot predict yielding behavior in this regime, where one commonly obtains either zero or even negative values of the SRS exponent m [41] . Is it possible to develop a theory of yielding with more general validity, capable of describing both the nucleation and critical regimes? We hope that our work generates enthusiasm for pursuing this direction of future research.
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